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Dynamics of the aircraft con� guration considered in this paper show a unique characteristic in that there are
no stable attractors in the entire high angle-of-attack � ight envelope. As a result, once the aircraft has departed
from the normal � ight regime, no standard technique can be applied to recover the aircraft. In this paper, using
feedback linearization technique, a nonlinear controller is designed at high angles of attack, which is engaged
after the aircraft departs from normal � ight regime. This controller stabilizes the aircraft into a stable spin.
Then a set of synthetic pilot inputs is applied to cause an automatic transition from the spin equilibrium to low
angles of attack where the second controller is connected. This controller is a normal gain-scheduled controller
designed to have a large domain of attraction at low angles of attack. It traps the aircraft into a low angle-of-attack
level � ight. This entire concept of recovery has been veri� ed using six-degrees-of-freedom nonlinear simulation.
Feedback linearization technique used to design a controller ensures internal stability only if the nonlinear plant
has stable zero dynamics. Because zero dynamics depend on the selection of outputs, a new method of choosing
outputs is described to obtain a plant that has stable zero dynamics. Certain important aspects pertaining to the
implementation of a feedback linearization-based controller are also discussed.

Nomenclature
C1 = controller at high angle of attack
C2 = controller at low angle of attack
H = height, m
P = roll rate, deg/s
Q = pitch rate, deg/s
R = yaw rate, deg/s
V = total velocity, m/s
® = angle of attack, deg
¯ = sideslip angle, deg
±e, ±a, ±r = elevator, aileron, and rudder de� ections, deg
µ = pitch attitude, deg
Á = bank angle, deg
Ã = heading angle, deg
Ä = aircraft rate of rotation about the velocity vector,

deg/s

I. Introduction

P OSTSTALL regimes of � ight are characterized by the pres-
ence of highly nonlinearphenomena like wing rock, nose slice,

and spin. It is important to understandaircraft dynamics in poststall
regimes to design recovery methods. Bifurcation theory and contin-
uation methods have played a signi� cant role in understanding the
poststall dynamics.Details of thesemethodsand their applicationto
aircraft dynamics can be found in Refs. 1­ 3 and references therein.

For the aircraft con� guration studied in this paper, a comprehen-
sive high angle-of-attack (AOA) aerodynamic database has been
generated using rotary balance and forced oscillation wind tunnel
data. Using this database and the aircraft dynamic model, a com-
plete set of equilibrium points and limit cycles in poststall regime
has also been obtained. Most of these equilibrium points and limit
cycles are characterized by high yaw rates (>60 deg/s) and high
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AOA (>40 deg). Classically such types of limit sets are described
as different types of spin.

The most notable feature of the dynamics of this aircraft con� g-
uration is that limit sets in the entire high AOA � ight envelope are
unstable. As a result the aircraft behavior in the high AOA � ight
regime is divergent and oscillatory. For illustration,a typical open-
loop, i.e., with no controller connected, � ight trajectory in the high
AOA region is shown in Fig. 1. All of the important � ight mechanics
parameters shown in the � gure illustrate divergence; e.g., note the
divergence of ® and sideslip angle ¯ with time.

This situation is undesirablefor two reasons.First, MIL-SPECS4

require that the aircraft behavior beyond stall should be predictable
and aircraft behavior in spin should be well de� ned. In typical spin
recovery procedures, a pilot is instructed to wait until the poststall
gyrationssubside and the aircraft enters a well-de� ned spin.The pi-
lot is then instructedto apply standardrecoverymethods to suppress
yaw rate and reduce the high AOA for spin recovery. However, this
standardrecoveryprocedurecannotbe adoptedin thecurrentaircraft
because of the absence of a well-de� ned spin. Second, the current
aerodynamic database is not valid for values of ¯ > 60 deg and for
highly oscillatoryaircraft behaviorbecauseunsteady aerodynamics
havebeenmodeled to a very limited extent.Hence, divergentand os-
cillatory � ight trajectories soon go beyond the valid database limits
and, consequently, analysis of these trajectories is no longer valid.
In Fig. 1 the simulation has stopped abruptly because the trajectory
has gone beyond the valid database limit of j®j · 90 deg.

It is not possible to design a control law at low AOA that can
altogetherprevent departures. It is also not possible to design a con-
troller that has such a largedomain of attractionthat it can attract the
aircraftfrom all high AOA conditionsto a low AOA � ight condition.
This is becauseof severalreasonssuch as the limitationof maximum
control surface de� ection and actuatorpower, the reversal of aileron
effectiveness, and ineffective rudder at high AOA. In light of these
dif� culties, recoveryof the current aircraft from a poststall situation
to normal regime of � ight requires a totally new methodology as
suggested in this paper.

Two different control laws C1 and C2 are designed: one (C1 ) for
the high AOA nonlinear regime and the other (C2 ) for the normal
regime. The control law C1 is designed to asymptotically stabilize
the aircraft to a spin equilibriumconditionat high AOA. A pilot ini-
tiates this control law upon realizing that the aircraft has gone past
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Fig. 1 Open-loopbehaviorof the unstable aircraft in high AOA regime
of � ight.

stall AOA and poststall gyrationshave started.After taking over, the
control law would asymptotically drive the aircraft to a preselected
spin equilibrium. Once the aircraft is stabilized in spin, automatic
recovery procedure is initiated. In this procedure, synthetic pilot
inputs are designed that switch off C1 , suppress the yaw rate, and
reduce AOA, and � nally C2 is switched on automatically once the
yaw rate and AOA are made small enough to lie in the domain of
attraction of C2. Controller C2 captures the aircraft in the low AOA
regime of level � ight.

ControllerC1 is designedusing feedback linearizationtechnique.
To obtain a stable closed-loop system after feedback linearization,
it is necessary that the nonlinear plant be minimum phase.5;6 A new
method is described in this paper to choose outputs that are linear
combinationsof aircraft states, so that the plant becomes minimum
phase and hence stable after closing the loop. Some aspects of the
implementation of this controller are also discussed and various
simpli� cations are considered.

The paper is organized as follows. In Sec. II, the method of feed-
back linearization and the concept of zero dynamics are described.
A new method to obtain stable zero dynamics is also described.
In Sec. III, the controller C1 that stabilizes a spin equilibrium is
designed using the methods in Sec. II. A procedure to obtain the do-
main of attraction of C1 is also described in this section. Section IV
brie� y describes the design of controllerC2 at low AOA. In Sec. V,
design of syntheticinputs for automaticspin recoveryare described.
It is also explained why is it necessary to have both C1 and C2 and
why C2 alone is not enough to effect recovery.SectionVI is devoted
to the important issues of implementation and simpli� cation of the
controllerC1 . The last section concludes the paper with discussions
and some directions for future work.

II. Design of a Stabilizing Controller
Using Feedback Linearization

The requirement for the controllerC1 is that it should stabilizean
unstable spin equilibrium. Further, with the loop closed the stable
spin equilibriummust have a reasonably large domain of attraction.
Because the aircraft dynamics is quite nonlinear, a nonlinear con-
troller design technique called feedback linearization5¡7 has been
used to design C1 . There have been earlier attempts to apply this
method to aircraft controldesign problem.7¡9 Reference7 describes
only the formulation of controller design using feedback lineariza-
tion, and Refs. 8 and 9 present some closed-loopsimulation results
as well. In the precedingdesigns only low AOA database and � ight
envelope are considered. However, the real utility of the present
method is in the poststall regimes of � ight because the plant dy-
namics are much more nonlinearhere than in the low AOA regimes.

A. Method of Feedback Linearization
Consider an af� ne nonlinear system with two inputs and two

outputs; the inputs correspond to the elevator and aileron control
surfaces:

Px D f .x/ C g1.x/u1.t/ C g2.x/u2.t/; y D Cx (1)

where x 2 Rn ; u1 , u2 2 R1; f , g1, g2 are smooth vector � elds on
Rn ; and C : Rn ! R2 is linear. The two control inputs are u1 and
u2, and y D [y1 y2]T de� nes the two outputs of the system. De� ne
u D [u1 u2]T .

Now,

Py D Cf .x/ C Cg1.x/u1 C Cg2.x/u2 (2)

If the matrix

R.x/ D [Cg1.x/ Cg2.x/] (3)

is nonsingular, then it is possible to assign the control vector
u D [u1; u2]T as

u D R.x/¡1v ¡ R.x/¡1C f .x/ (4)

where v D [v1 v2]T is some external reference vector (in the case
of an aircraft v1 would be the pitch stick input and v2 would be the
roll stick input). The preceding nonlinear state feedback controller
achieves the required input output feedback linearization because
substitution of Eq. (4) into Eq. (2) yields

Py D v (5)

Thus the closed-loopsystem has two decoupledchannels, and each
channel output is an integral of the input. Using this controller,only
two poles of the closed-loop linear system are placed at the origin.
The remaining (n ¡ 2) modes constitute the zero dynamics of the
system. For details, see Refs. 5­ 7.

B. Effect of Zero Dynamics on Internal Stability
The zero dynamics of a nonlinear system (1) can be brie� y de-

scribed as the unobservablepart of the feedback linearized closed-
loop system. Let x0 be an equilibrium point of system (1) for some
� xed u1 , u2. If only the zero dynamics of the nonlinear system are
linearized about x0 , then the eigenvalues of the linear system ob-
tained are the same as the transmission zeros of the linear system4

obtained by linearizationof Eq. (1). This is a very useful result. The
local asymptotic stability of a feedback linearized system depends
on the stability of the unobservable modes of the closed loop, i.e.,
the zero dynamics of the open-loop plant. By the preceding result,
it becomes quite easy to determine the local asymptotic stability
of a feedback linearized system: If transmission zeros of the linear
system obtained by linearization of Eq. (1) about x0 are minimum
phase, then the feedback linearized closed-loop system would be
locally internally stable. In the next subsection, a new method is
proposed to � nd a C matrix that can place transmission zeros at
selected stable locations.

Note that feedback linearization is achieved via state feedback
that dependson the outputs.However, the outputs that are chosen to
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stabilize the zero dynamics are only notional and not used for feed-
back. If only local stabilityof the closed loop is desired,any function
of states can be chosen as outputs provided the zero dynamics for
these outputs are stable.

C. Technique for Placement of Transmission Zeros
of a Linear System

There have been many approaches to placement of transmission
zeros in literature, e.g., see Refs. 10 and 11. In these methods the C
matrix is assumed � xed and a feedthroughterm is designed to place
some of the zeros. In this paper, a method of placing transmission
zeros by choosing a C matrix is described.

Consider a controllable system with n states and m inputs:

Px D Ax C Bu (6)

It is required to � nd a linear map C : Rn ! Rm such that the system
[Eq. (6)] along with outputs de� ned by

y D Cx (7)

has transmission zeros located at Z D [z1; z2; : : : ; zn ¡ m ]T . (Note
that for a linear squaresystem with n states,m inputs, and m outputs
as de� ned in Eqs. (6) and (7) only n ¡ m � nite transmission zeros
exist.11 ) A constructive procedure to obtain a C matrix to place the
zeros is described in the Appendix.

Remark. One problem with the method of zero placement de-
scribed in the Appendix is that the outputs generally are a linear
combination of all states. This could sometimes be undesirable be-
cause calculationof terms in R.x/ may become dif� cult. It requires
considerableeffort to obtain a C matrix with a given structure.

III. Design of Controller C1: A Numerical Example
A. Selection of an Equilibrium Point and Linear Model

The � rst step in designing a nonlinear controller is to choose an
equilibriumpoint for stabilization.An eighth-ordersystem of equa-
tions has been used to model aircraft dynamics. The states consist
of total velocity, AOA, angle of sideslip, roll rate, pitch rate, yaw
rate, pitch attitude,and bank angle. Effect of altitudevariationis ne-
glected for the controllerdesign.The values of the states at the cho-
sen spin equilibriumpointsare V D 80:4091m/s, ® D 71:0519deg,
¯ D ¡1:5783 deg, P D 32:0513 deg/s, Q D ¡ 0:1358 deg/s, R D
93:0042 deg/s, µ D ¡19:0159 deg, and Á D ¡0:0837 deg. The re-
quired control settings at this equilibrium point are

±e D ¡3:5 deg; ±a D 1:998 deg; ±r D 29:5 deg

The equations of motion of the aircraft are � rst linearized about
this equilibriumpoint, and the eighth-orderlinear model is given by

Px D Ax C Bu

where x D [V; ®; ¯; P; Q; R; µ; Á]T , u D [±e; ±a]T ,

A D

¡2:4359E¡1 ¡4:6666EC0 ¡7:1899E¡1 ¡1:2403E¡2 ¡4:6166EC0 ¡2:9016E¡2 2:2313E¡2 ¡2:4438E¡1

¡5:4267E¡4 ¡1:4762E¡3 ¡1:7242EC0 8:74114E¡3 9:80341E¡1 2:55753E¡2 1:22060E¡1 4:71188E¡5

¡5:7792E¡5 1:72538EC0 ¡3:0967E¡2 9:44962E¡1 ¡1:5113E¡3 ¡3:2632E¡1 ¡5:0466E¡5 1:15302E¡1

¡8:5704E¡5 9:78489E¡1 ¡5:3852EC0 1:11502E¡1 ¡1:3360EC0 ¡3:6117E¡2 0:00000EC0 0:00000EC0

¡2:3628E¡2 ¡2:1785EC0 ¡2:8697E¡1 1:52988EC0 ¡6:9998E¡1 6:41301E¡1 0:00000EC0 0:00000EC0

1:05584E¡3 ¡4:6127E¡1 ¡1:2780EC0 1:26240E¡1 ¡5:2224E¡1 ¡9:6730E¡2 0:00000EC0 0:00000EC0

0:00000EC0 0:00000EC0 0:00000EC0 0:00000EC0 9:99998E¡1 1:46148E¡3 0:00000EC0 ¡1:6231EC0

0:00000EC0 0:00000EC0 0:00000EC0 9:99868E¡1 5:03612E¡4 ¡3:4470E¡1 1:81611EC0 1:50551E¡4

B D

¡4:26964E¡2 5:62028E¡4

¡1:11845E¡4 0:00000EC0

¡1:46300E¡5 ¡2:53680E¡4

¡7:13970E¡5 ¡4:71910E¡2

¡1:62045E¡2 ¡4:62779E¡5

¡5:67266E¡6 3:70881E¡3

0:00000EC0 0:00000EC0

0:00000EC0 0:00000EC0

Because the rudder is completely masked by the wings and the
fuselage, it cannot be used as a control input.

B. Placement of Zeros for C1 Controller Design
In the preceding linear model, for eight states and two outputs,

only six zeros can be placed. After some trial and error the � -
nal zero locations were chosen at ¡0:1570 § 1:7558i; ¡0:3623 §
1:4290i; ¡0:1953 § 0:0481i . For these locations, by using the pre-
ceding method, we obtain a simple C matrix:

C D
0 0:1 0 0 0:5 0 0 0

0 0 1 1 0 0 0 0
(8)

If the state feedback as in Eq. (4) were used, the remaining two
eigenvalues would have been placed at the origin. To place these
eigenvaluesat anyother location,say f¡¸1; ¡¸2g, the state feedback
needs to be modi� ed to6

u1.x/

u2.x/
D .C B/¡1 v1

v2
¡ .C B/¡1 ¢ C Ax C

¸1 0

0 ¸2
C x

(9)

Using this expression,the other two eigenvalueshavebeenplaced
at ¡2 and ¡3 to make the system more stable.

C. Implementation and Simulation
The preceding controller design requires only a linearized plant

about the selected equilibrium point. In the nonlinear implementa-
tion of this controller in simulation, the plant should be represented
in the af� ne form (1).

However,theequationsofmotionof an aircraftarenot af� ne in the
inputs because the moment and force contributions of the elevator
and the aileronare complicatedexpressionsinvolvingstates.Hence,
to obtain the af� ne form, these moment and force contributionsare
linearized about their equilibrium values. The � nal form obtained
after linearization is

Px D QF.x/ C QGu (10)

where QF : R8 ! R8 and QG : R2 ! R8 is a constant matrix and is
not a function of states. The outputs are de� ned by y D C x with C
as de� ned in Eq. (8). The complete expression of the feedback can
be written by modifying Eq. (9) by replacing Ax with QF.x/ and B
with QG.
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Fig. 2 Stabilization of a poststall condition by controller C1.

This controller expression is coded in a six-degree-of-freedom
nonlinear simulation and the closed-loop behavior is studied. The
controlleris implementedat a samplingrate of 80 Hz, and important
hardware elements like the actuators along with their rate limits are
also implemented in simulation.

Figure 2 shows the performanceof the nonlinearcontroller.Here
the controller C1 is initiated at t D 0 s in a poststall condition that
is quite far from the selected equilibrium point. In this simulation,
the initial ® is set to 40 deg and initial R is set to 45 deg/s. This
condition corresponds to a typical situation just after stall when the
poststall gyrations are starting. The elevator and aileron de� ections
shown in the � gure are controller commands to the control surfaces
that drive the aircraft to the equilibrium point in about 20 s. Note
that no pilot inputs are required for this stabilization.

D. Estimation of the Domain of Attraction of C1

It is very important to estimate the domain of attraction of the
stable equilibrium with controller C1. The stable spin at this equi-
librium can be achieved only if the aircraft states at the time of
engagement of C1 lie within this domain. There are many methods
available for estimating the domain of attraction of a stable equilib-
rium point for nonlinear systems.12¡14 However, it is very dif� cult
to apply these methods to estimate the domain of attraction of an
eighth-orderclosed-loopsystem becauseof the enormouscomputa-
tional effort required.As a result the domainof attraction is obtained
using the method of simulations.

It is not possible to carry out simulations with every point in the
state space as the initial condition. Experience has established that
the two parameters required for characterizationof spin are ® and

Fig. 3 Domain of attraction for the controller C1 plotted for various
sideslip angles.

Ä.1;15;16 These two variables along with ¯ are also the parameters
that are used to generate the present high AOA database. Hence,
the domain of attraction is de� ned in a three-dimensionalspace of
®, ¯ , and Ä. Figure 3 shows the domain of attraction achieved by
stabilizingthe spin equilibriumby C1. Each part of the � gure shows
the domain of attraction in ®, Ä plane for different values of ¯ . As
can be seen, a fairly large region lies inside the domain of attraction.
Note thatonly positiveÄ is consideredbecauseC1 canstabilizeonly
the right-spinequilibrium.A similar controllerneeds to be designed
for negativeÄ that would stabilizea left-spinequilibrium.The pilot
needs to make the judgment of selecting a proper controller based
on the initial left-spin or right-spin tendency of the aircraft.

IV. Design of Controller C2

The requirement for controller C2 is that it should have a suf� -
ciently large domain of attraction at low AOA and Ä. Moreover,
the closed-loop system should have a small time constant so that
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aircraftstabilizesto the low AOA conditionin a shorttime.Presently,
there exists a standard gain scheduled automatic � ight control law
(CLAW) that has been designed for stability augmentation and to
achieve good handling qualities. CLAW has been designed using
standard linear control design techniques with linear plant models
for various � ight conditions. The � nal form of CLAW is obtained
by scheduling the gains and � lter constants with Mach and altitude.
The longitudinal feedback uses signals from pitch rate, ®, and nor-
mal acceleration sensors, whereas the lateral-directional feedback
uses signals from roll rate, ¯ , yaw rate, and lateral accelerationsen-
sors. The controller C2 has been obtained by suitably modifying
CLAW. The major modi� cation required is the signi� cant increase
in the gains in the ® and ¯ feedback paths to increase the rate
of convergence of trajectories to the low ® equilibrium. The con-
troller C2 has a domain of attraction de� ned by ® from ¡10 deg
to about 30 deg. and Ä between ¡20 to 20 deg/s. This domain of
attraction is signi� cantly larger than the existing CLAW. The han-
dling qualities of controller C2 are not of interest because the pilot
switches over to CLAW as soon as the aircraft stabilizes at low
AOA.

V. Process of Spin Recovery
The manual procedureof spin recovery is fairly well established.

After poststall gyrations have subsided and the aircraft has entered
a well-de� ned spin, the pilot initiates recoveryby giving an antispin
roll stick to reduce the large yaw rate. When the yaw rate is reduced
the pilot reduces the roll stick de� ection and provides a nose-down
pitch stick and reduces the AOA.

This techniqueof recoverydoes not work too well for this aircraft,
as was establishedduring the piloted spin recoverysimulationson a
� ight simulator. It is dif� cult to decide in real time the exact timing
for disengaging the controller C1 and engaging the controller C2.
During the recovery procedure the aircraft may remain in the open-
loopmode forsome time. In thisdurationtheaircraftbecomeshighly
sensitiveto pilot inputs,making it virtuallyimpossible to control the
aircraft during the transition from high AOA to low AOA. Hence,
it is very dif� cult to recover the aircraft from the spin with the pilot
in command.

To overcome this problem, an extensive study was carried out to
generatesyntheticpilot inputs that can effect recovery.After achiev-
inga stablespinwith thecontrollerC1 operating,thepilotcan initiate
recovery through a single recovery switch. Once switched on, syn-
thetic inputs would be applied at pilot sticks and the engaging and
disengaging of controllers would be carried out at precise timings
automatically.A recoverysequencewith the spin recoveryswitch is
shown in Fig. 4. The points marked as A, B, C , D in the � gure
indicate various events that occur in the � ight history.At t D 0 s, C1

is switched on (marked as A in Fig. 4). At t D 20 s when the aircraft
is stabilized in spin by C1, the recovery switch is pressed (marked
as B in Fig. 4). As a result, a synthetic antispin (negative) roll stick
input is applied at a rate of 45 mm/s and yaw rate is monitored. At
t D 22:5 s, as the yaw rate reduces to 55 deg/s, C1 is automatically
switched off (marked as C ), the roll stick is brought to neutral at
a rate of 20 mm/s, and ® is monitored. Controller C1 needs to be
disengaged for recovery because C1 strongly opposes recovery ac-
tions. When ® reduces to about 30 deg at t D 25 s, C2 is switched on
(marked as D). The aircraft now achievesa constant® and zero yaw
rate. The aircraft attains a wings-level stable � ight starting from a
poststall condition in about 32 s and with a loss of height of about
2.8 km.

It is often said that instability of spin equilibrium is a desirable
feature because it aids recovery. An important assumption made in
this statement is that there exists a stable equilibrium at low AOA
that can attract and stabilize the aircraft. In the aircraft under study,
there is no stable open-loop equilibrium at low AOA, nor can it
be made very stable with CLAW operating. It has been seen that a
combinationof unstablespin equilibriaand the stabilizingcontroller
C2 cannot effect recovery from all poststall conditions. Because of
large gains in feedback paths, the control surfaces get saturated
and the controllerC2 becomes ineffectivein poststall conditions.In
other words, the domain of attraction of C2 is not large enough to
effect recovery from all poststall conditions. The same conditions,

Fig. 4 Complete recovery sequence from a poststall condition, � rst
stabilizing by C1 to a spin equilibrium, then recovering using simulated
inputs, and � nally capturing at low ® using C2 .

however, can be quite easily recovered by using the two-controller
philosophy suggested in this paper.

VI. Possible Simpli� cations of the Controller
for Implementation

It is necessary to consider implementation aspects of the con-
troller C1 because intensive computations are required to obtain
function values QF.x/ in Eq. (10). By studying the controller behav-
ior it seemspossibleto simplifythecontrollerin threepossibleways:
1) by reducing the numberof statesused for feedback,2) by approx-
imating the nonlinear database, and 3) by function approximating
the controller. Some of the results using the � rst and the second
methods are described next.

A. Simpli� cation by Reducing Number of States
in Computation of Feedback

Feedback linearization-basedcontroller is a state feedback con-
troller and, hence, for each state x it is possible to determine the
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Fig. 5 De� ection of control surfaces with C1 connected and states var-
ied one at a time about the equilibrium point.

surface de� ection that would be demanded by the controller.
Figure 5 shows the aileron and elevator de� ections demanded by
the controller when only one of the states is varied and others are
kept constant at their respective trim values. As can be seen, the sur-
face de� ections demanded for variation in pitch attitude and bank
angle are very small. Hence it is possible to simplify the controller
by not using µ and Á variation in the feedback. Figure 6 compares
behavior of the simpli� ed controller with the normal controller for
an initial condition far away from the equilibrium point. The � gure
shows that aircraft can still be stabilized in approximately the same
time, though the variations of states and the controller effort are
more for the simpli� ed controller.

Fig. 6 Stabilization using the normal controller C1 and the simpli� ed
controller that does not use µ and Á for feedback.

B. Simpli� cation by Approximating the Database
The implementationof controllerC1 in its original form requires

that the entiredatabasebe carriedin the � ight controlcomputer.This
is not acceptablebecause storing an aerodynamicdatabase requires
large memory on the computer and the extraction of aerodynamic
derivatives is a signi� cant computationalburden. Hence it is useful
to see if the coef� cients can be represented as mathematical ex-
pressions in terms of the aircraft states. However, it is necessary
to ensure that, with the new representation of the database used in
controller calculation, the domain of attraction of the closed loop
remains reasonably large.

The coef� cientsof forcesand moments in the databasebeingused
are a function of the three rotation rates and ® and ¯. As a simple
representation,these functionscan be approximatedabout their trim
values and written as

Ci .®; ¯; P; Q; R/ D Citrim C Ci® 1®

C Ci¯ 1¯ C Ci p 1P C Ciq 1Q C Cir 1R

where i D fx; y; z; l; m; ng, 1® D ® ¡ ®0 , 1¯ D ¯ ¡ ¯0 , and so on
where f®0; ¯0; : : :g represent trim values.

Figure 7 shows the closed-loopbehaviorwith the controllerusing
the simpli� ed representationof the database plotted along with the
normal controller.The state trajectorieswith the two controllers are
signi� cantly different,but the simpli� ed controllerdoes stabilizean
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Fig. 7 Stabilization using the normal controller C1 and the simpli� ed
controller with approximate database.

initial conditionfar removedfrom the equilibriumpoint in about the
same time.

VII. Conclusions
A new two-controller methodology is described in this paper to

control unstable aircraft con� gurations in poststall regimes. Feed-
back linearization technique has been used to design a stabilizing
controllerat high AOA. A novel technique is proposedfor selecting
outputs that ensure that the system has stable zero dynamics and
hence results in an internally stable closed-loop system. The con-
troller designed for stabilizationof a spin equilibrium meets its ob-
jective of a large domain of attraction,as is establishedby extensive
nonlinearsix-degree-of-freedomsimulations.With the syntheticpi-
lot inputs designedfor recoveryand the stabilizingcontrollerat low
AOA, recoveryfromfairly complicatedpoststallconditionshasbeen
achieved.In short, the methodologysuggestedin this paperprovides
a viable scheme for recovering unstable aircraft from poststall con-
ditions. Future studies will address issues related to robustness to
variations in aerodynamic derivatives and mass and inertia of the
aircraft.

Appendix: Constructive Procedure for Choosing a C
Matrix to Place Transmission Zeros of a Linear System

For the system described by Eq. (6), let fn1; n2; : : : ; nm g be con-
trollability indices. There exists a coordinate transformation17 T
such that

A¤ D T ¡1 AT D

A1

::: 0
::: ¢ ¢ ¢ ¢ ¢

::: 0

e1
1

::: e1
2

::: ¢ ¢ ¢ ¢ ¢
::: e1

m

¢ ¢ ¢ ¢ ¢ ¢
:::¢ ¢ ¢ ¢ ¢ ¢

:::¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢
:::¢ ¢ ¢ ¢ ¢ ¢

0
::: A2

::: ¢ ¢ ¢ ¢ ¢
::: 0

e2
1

::: e2
2

::: ¢ ¢ ¢ ¢ ¢
::: e2

m

¢ ¢ ¢ ¢ ¢ ¢
:::¢ ¢ ¢ ¢ ¢ ¢

:::¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢
:::¢ ¢ ¢ ¢ ¢ ¢¢ :::

:::
:::¢¢ ¢ ¢ ¢¢ ¢ ¢¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢

0
::: 0

::: ¢ ¢ ¢ ¢ ¢
::: Am

em
1

::: em
2

::: ¢ ¢ ¢ ¢ ¢
::: em

m

B¤ D T ¡1 B D

b1

::: 0
::: ¢ ¢ ¢ ¢ ¢

::: 0
¢ ¢ ¢ ¢ ¢ ¢

:::¢ ¢ ¢ ¢ ¢ ¢
:::¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢

:::¢ ¢ ¢ ¢ ¢ ¢
0

::: b2

::: ¢ ¢ ¢ ¢ ¢
::: 0

¢ ¢ ¢ ¢ ¢ ¢
:::¢ ¢ ¢ ¢ ¢ ¢

:::¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢
:::¢ ¢ ¢ ¢ ¢ ¢¢ :::

:::
:::

¢¢ ¢ ¢ ¢ ¢
¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢¢ ¢ ¢

0
::: 0

::: ¢ ¢ ¢ ¢ ¢
::: bm

where each ei
j is a row vector, Ai is (n i ¡ 1/ £ ni matrix

with the structure Ai D [0 j Ini ¡ 1]; Ini ¡ 1 is the ni ¡ 1 £ ni ¡ 1
identity matrix, and bi is a column vector of dimension ni with a
structure [0 0 0 0 ¢ ¢ ¢ 1]T . Augment the set Z of desired trans-
mission zero locations with m zeros and de� ne QZ D [z1; z2; : : : ;
zn ¡ m ; 0; : : : ; 0]T . It is easy to � nd a matrix K ¤ such that A¤ ¡ B¤ K ¤

looks like

A¤ ¡ B¤ K ¤ D

A1

::: 0
::: ¢ ¢ ¢ ¢ ¢

::: 0

h1

::: 0
::: ¢ ¢ ¢ ¢ ¢

::: 0
¢ ¢ ¢ ¢ ¢ ¢

:::¢ ¢ ¢ ¢ ¢ ¢
:::¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢

:::¢ ¢ ¢ ¢ ¢ ¢
0

::: A2

::: ¢ ¢ ¢ ¢ ¢
::: 0

0
::: h2

::: ¢ ¢ ¢ ¢ ¢
::: 0

¢ ¢ ¢ ¢ ¢ ¢
:::¢ ¢ ¢ ¢ ¢ ¢

:::¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢
:::¢ ¢ ¢ ¢ ¢ ¢¢ :::

:::
:::¢¢ ¢ ¢ ¢¢ ¢ ¢¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢

0
::: 0

::: ¢ ¢ ¢ ¢ ¢
::: Am

0
::: 0

::: ¢ ¢ ¢ ¢ ¢
::: hm

(A1)

where hi is of the form [0 h i;1 ¢ ¢ ¢ h i;ni ¡1]. This gain matrix K ¤

should be chosen to place the eigenvalues of A¤ ¡ B¤ K ¤ at QZ . The
form of .A¤ ¡ B¤ K ¤/ is such that a zero eigenvalue is placed by
each input and thus it has an m-dimensionalnull space.

Claim: It is possible to construct a C such that the transmission
zeros of system de� ned by Eqs. (6) and (7) are placed at Z .

Proof: Transmission zeros of Eqs. (6) and (7) can be computed
as follows. De� ne a set of outputs:

Qy D Py D C Px D C Ax C C Bu

If C B is invertible, transmission zeros of Eqs. (6) and (7) are the
nonzeroeigenvaluesof the matrix .A¡ B.C B/¡1C A/ (Refs. 10 and
11).

We shall determine a C such that

.A ¡ B.C B/¡1C A/ D A ¡ BK (A2)

where A ¡ B K has the eigenvalues at QZ . This would ensure that
nonzero eigenvalues of .A ¡ B.C B/¡1C A/ are located at Z .

To satisfy the equality (A2), .C B/¡1C A should equal K , and
hence C A D C BK and C.A ¡ BK / D 0. Thereforewe need to � nd
a C such that

C.A ¡ B K / D 0 (A3)

However, we shall � rst determine C¤ satisfying C ¤.A¤ ¡
B¤ K ¤/ D 0. Then we shall determine K , C to satisfy Eq. (A3) as
described later.
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In Eq. (A1), we already have the eigenvalues placed at QZ , and
knowing the structure of A¤ ¡ B¤ K ¤, it becomes easy to � nd a C¤.
Consider an m £ n matrix of the form

C¤ D

C1;1 ¢ ¢ ¢ C1;n1 0 ¢ ¢ ¢ 0 ¢ ¢ ¢ 0 ¢ ¢ ¢ 0
: : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : :
0 ¢ ¢ ¢ 0 C2;1 ¢ ¢ ¢ C2;n2 ¢ ¢ ¢ 0 ¢ ¢ ¢ 0

: : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : :
: : : : : : : : : : : :
: : : : : : : : : : : :

: : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : :
0 ¢ ¢ ¢ 0 0 ¢ ¢ ¢ 0 ¢ ¢ ¢ Cm;1 ¢ ¢ ¢ Cm;nm

For this C¤ the product C¤ B¤ is given by

C¤ B¤ D

C1;n1 0 ¢ ¢ ¢ 0

0 C2;n2 ¢ ¢ ¢ 0
¢
¢
0 0 ¢ ¢ ¢ Cm;nm

This product is nonsingular if Ci;ni is nonzero for i 2 f1; : : : ; mg.
Now, if we want C¤.A¤ ¡ B¤ K ¤/ D 0, then the following must

be true for the elements in the i th row of C¤:
Ci;1 D ¡hi;1 ¢ Ci;ni
¢
¢
Ci;n i ¡1 D ¡hi;n i ¡1 ¢ Ci;n i

Therefore, if the i th row of C ¤ has to be nontrivial, Ci;ni must be
nonzero for i 2 f1; : : : ; mg. Thus C ¤ � nally looks like

C¤ D

¡C1;n1 : h 0
1 0 ¢ ¢ ¢ 0

0 ¡C2;n2 : h 0
2 ¢ ¢ ¢ 0

¢
¢
0 0 ¢ ¢ ¢ ¡Cm;nm : h 0

m

where h 0
1 D [hi;1 ¢ ¢ ¢ hi;n i ¡1 ¡ 1].

Now, de� ne C D C¤T ¡1 and K D K ¤T ¡1. For this choice of C
and K,

C.A ¡ BK / D C¤T ¡1.A ¡ B K ¤T ¡1/

D C¤T ¡1.T A¤T ¡1 ¡ T B¤ K ¤T ¡1/

D C¤.A¤ ¡ B¤ K ¤/T ¡1 D 0

Hence we have obtaineda C such that C.A ¡ BK / D 0 and eig(A ¡
B K / D eig.A¤ ¡ B¤ K ¤/ D QZ , so by the statements at the beginning
of the proof,we haveplaced the transmissionzeros at Z by choosing
a C matrix.
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